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A LIFT FROM GROUP COHOMOLOGY TO SPECTRA FOR
TRIVIAL PROFINITE ACTIONS
DANIEL G. DAVIS
Abstract. Let G be a profinite group, X a discrete G-spectrum with trivial
action, and XhG the continuous homotopy fixed points. For any N Po G
(“o” for open), X = XN is a G/N-spectrum with trivial action. We con-
struct a zigzag colimN X
hG/N Φ−−→ colimN (X
hN )hG/N
Ψ
←−− XhG, where Ψ
is a weak equivalence. When Φ is a weak equivalence, this zigzag gives
an interesting model for XhG (for example, its Spanier-Whitehead dual is
holimN F (X
hG/N , S0)). We prove that this happens in the following cases:
(1) |G| <∞; (2) X is bounded above; (3) there exists {U} cofinal in {N}, such
that for each U , Hsc (U, pi∗(X)) = 0, for s > 0. Given (3), for each U , there is a
weak equivalence X
≃
−−→ XhU and XhG ≃ XhG/U . For case (3), we give a se-
ries of corollaries and examples. As one instance of a family of examples, if p is
a prime, K(np, p) the npth Morava K-theory K(np) at p for some np ≥ 1, and
Zp the p-adic integers, then for each m ≥ 2, (3) is satisfied when G 6
∏
p≤m Zp
is closed, X =
∨
p>m(HQ ∨K(np, p)), and {U} := {NG | NG Po G}.
1. Introduction
1.1. The problem considered in this work and our main results. In this
paper, “spectrum” always refers to an object in SpΣ, the stable model category of
symmetric spectra of simplicial sets [13].
Let G be any profinite group and let X be a discrete G-spectrum (in the sense
of [2]), such that the G-action is trivial (thus, any spectrum, equipped with the
trivial G-action, can be regarded as such a discrete G-spectrum). Let {N} be
the collection of open normal subgroups of G. For each N , G/N is a finite group
and X = XN can be regarded as a G/N -spectrum having trivial G/N -action, and
hence, the homotopy fixed point spectrum
XhG/N := (XN )hG/N
is defined. Then there is a map
Φ: colim
N
XhG/N → colim
N
(XhN )hG/N ,
where the colimits are indexed by the collection {N}, and a weak equivalence
colim
N
(XhN )hG/N
Ψ
←−−−−
≃
XhG.
Here, by definition (see [2, Section 3.1]), XhG (and, similarly, XhN) is the contin-
uous homotopy fixed point spectrum
XhG := (XfG)
G,
where θG : X
≃
−→ XfG is a functorial fibrant replacement in the model category
ΣSpG of discrete G-spectra (hence, this map is a trivial cofibration in ΣSpG). The
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construction of Φ and Ψ is explained in Section 2 (strictly speaking, the source and
target of Φ involve identifications, which are explained in Section 2).
It is natural to ask when Φ is a weak equivalence, since this implies that there
is an equivalence
(1.1) XhG ≃ colim
N
XhG/N
that expresses the homotopy fixed points for a typically infinite group in terms of
homotopy fixed points for finite groups.
To point out another interesting feature of (1.1), we note the following. IfM is a
discrete G-module and H is a closed subgroup of G, then we let H∗c (H,M) denote
the continuous cohomology of H , with coefficients in M , where M is regarded as a
discrete H-module. For each t ∈ Z, the stable homotopy group πt(X) is naturally
a discrete G-module with trivial G-action. For any N , (πt(X))
N = πt(X), so that
every πt(X) can be regarded as a G/N -module with trivial action. Also, if K is a
finite group and Y is a (naive) K-spectrum, then K, with the discrete topology, is
a profinite group and Y can be regarded as a discrete K-spectrum, and the usual
homotopy fixed point spectrum Map∗(EK+, Y )
K and the continuous homotopy
fixed point spectrum Y hK are equivalent to each other.
Since the homotopy fixed points (−)hG and each (−)hG/N are the right derived
functors of the right Quillen functors
(−)G : ΣSpG → Sp
Σ and each (−)G/N : ΣSpG/N → Sp
Σ
[2, Section 3.1], respectively, the equivalence in (1.1) (when it holds) is a lift from
algebra to homotopy theory of the well-known isomorphism
H∗c (G, πt(X))
∼= colim
N
H∗(G/N, πt(X)), all t ∈ Z
(which is valid for any X in ΣSpG with trivial action), for H
∗
c (G,−) and each
H∗(G/N,−) are the right derived functors of the familiar left exact functors (−)G
and (−)G/N , respectively, that land in abelian groups.
Now we come to our work on Φ. In Theorem 2.2, we show that Φ is a weak
equivalence whenever G is finite. But as mentioned earlier, in the world of con-
tinuous actions by profinite groups, we usually are mostly interested in the case
where G is infinite: for possibly infinite profinite groups, we have two main results,
Theorems 1.2 and 1.3 below. Also, for Theorem 1.3, we give – in Section 1.2 –
several corollaries and a few examples. As a quick sample of these, we note that in
Example 1.9, we prove, for instance, the following, where given n ≥ 0 and a prime
p, K(n, p) denotes the nth Morava K-theory spectrum K(n) at p, Zp is the p-adic
integers, and, for each i ≥ 1, pi is the ith prime (that is, p1 = 2, p2 = 3, etc.): for
X =
(∨∞
i=1K(0, pi)
)
∨
(∨∞
i=1K(ni, p2i−1)
)
,
with each ni ≥ 1, and G =
∏∞
i=1 Zp2i , with G acting trivially on X , H any closed
subgroup of G, and NH any open normal subgroup of H , there is a map
X
≃
−→ XhH ≃ XhH/NH
that, in addition to Φ, is a weak equivalence, where, here, Φ is defined relative to
H (so that “N” is an open normal subgroup of H).
In work underway with Thomas Credeur, we are considering examples in chro-
matic homotopy theory of when the map Φ is not a weak equivalence. In Section
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1.3, after describing two consequences of (1.1), we explain that part of our mo-
tivation for studying Φ comes from examples in joint work of Beaudry, Goerss,
Hopkins, and Stojanoska of homotopy fixed point spectra for the trivial action of
certain profinite groups on the K(n)-local sphere.
To help state our first main result, we recall that a spectrum Z is bounded above
if there exists a fixed integer t0 such that πt(Z) = 0, for all t > t0. For example, if
Z is bounded above and t0 can be taken to be 0, then Z is said to be coconnective.
Applications of coconnective spectra are given, for instance, in [7, Propositions 3.3,
3.9, 3.14] and [15, Section 4].
Theorem 1.2. If G is any profinite group and X is a discrete G-spectrum with
trivial G-action, such that X is bounded above, then the map Φ is a weak equivalence
and XhG ≃ colimN X
hG/N , where the colimit is indexed over all the open normal
subgroups of G.
In Section 4, after giving a general tool (Theorem 4.1) that helps with deciding
when Φ is a weak equivalence, we give the proof of Theorem 1.2.
Theorem 1.3. Let G be a profinite group and let X be a discrete G-spectrum with
trivial G-action. Suppose that {U} is a collection of open normal subgroups of G
that is cofinal in {N}, the collection of all open normal subgroups of G, such that
for each U and every t ∈ Z, Hsc (U, πt(X)) = 0, for all s > 0. Then each of the
following holds:
(a) the map Φ is a weak equivalence;
(b) there is an equivalence XhG ≃ colimN X
hG/N ; and
(c) for each U, there is (1) an equivalence XhG/U ≃ XhG and
(2) a weak equivalence X
≃
−→ XhU .
For this result, we only need to prove (a) and (c), and this is done in Section 3.
In Theorem 1.3, suppose that G is finite: above, we noted that this hypothesis
and the theorem’s first sentence are enough to yield conclusions (a) and (b); if U ′ is
any normal subgroup of G with Hs(U ′, π∗(X)) = 0 for s > 0, then it is well-known
that the homotopy fixed point spectral sequence
Hs(U ′, πt(X)) =⇒ πt−s(X
hU ′)
collapses, with
π∗(X
hU ′) ∼= H0(U ′, π∗(X)) = (π∗(X))
U ′ = π∗(X),
so that X ≃ XhU
′
; also, there is an equivalence XhG ≃ (XhU
′
)hG/U
′
(for exam-
ple, see [8, Lemma 10.5] and [2, Proposition 3.3.1]). Thus, when G is finite, the
conclusions of Theorem 1.3 are not surprising. However, as mentioned earlier, in
this result – and in its corollaries and examples – we are mostly interested in the
case when G is infinite, and we do not mean to claim that the conclusions given by
our results when G is finite originate with this paper. The above spectral sequence
argument is used in the proof of Theorem 1.3, but when G is infinite, it takes some
work to know that the homotopy fixed point spectral sequence exists.
1.2. Corollaries and examples of the second main result.
Corollary 1.4. If G is any profinite group and X is a discrete G-spectrum with
trivial G-action, such that for each t ∈ Z, πt(X) is a torsion-free divisible abelian
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group, then Φ is a weak equivalence and there is an equivalence XhG ≃ XhG/N and
a weak equivalence X
≃
−→ XhN , where N is any open normal subgroup of G.
Proof. For all N and t ∈ Z, Hsc (N, πt(X)) = 0, when s > 0, by [19, Corollary 6.7.5].
Hence, the hypotheses of Theorem 1.3 are satisfied with “{U}” equal to {N}. 
Example 1.5. Let HQ be the Eilenberg-Mac Lane spectrum for the rationals Q
and let G be a profinite group. Also, let X be an HQ-module (in the sense of [13,
Section 5.4]) that is regarded as a discrete G-spectrum with trivial action. Then for
every integer t, πt(X) is a unitary Q-module, so that its underlying abelian group
is torsion-free divisible. Thus, the conclusions of Corollary 1.4 hold, giving that for
every profinite group G, there is a weak equivalence X
≃
−→ XhG. In particular,
there is a weak equivalence HQ
≃
−→ (HQ)hG.
We point out that if G is a finite group and M is a simply connected rational
G-space, then relationships between M , MhG, and (π∗(M))
G are studied in the
thesis [10] (see also [3, Appendix A]). For a result about simply connected pointed
simplicial discrete G-sets, where G is an arbitrary profinite group, rational local-
ization, and fixed points, see [9, Theorem 8.1 and the sentence after it] (the second
part of this citation considers the case when the G-action is trivial).
Remark 1.6. Let X be as in Corollary 1.4 and let η : S0 → HQ be the unit of
HQ. Then π∗(X) is a Q-vector space in each degree and it is a familiar fact that
this implies that the composition
X
∼=
−→ S0 ∧X
η∧idX
−−−−→ HQ ∧X
is a weak equivalence of spectra (for example, see the argument in [20, proof of
Corollary 2.16: 2nd paragraph]). Thus, X is weakly equivalent to the HQ-module
HQ ∧X .
We tie together Corollary 1.4, Example 1.5, and Remark 1.6 with the following
immediate result.
Corollary 1.7. If X is a spectrum with π∗(X) degreewise torsion-free divisible
and G is any profinite group, then when X and HQ ∧ X are regarded as discrete
G-spectra with trivial G-action, the map X
≃
−→ HQ ∧ X is a weak equivalence in
ΣSpG and there are weak equivalences
X
≃
−→ XhG
≃
−→ (HQ ∧X)hG
≃
←− HQ ∧X.
Now we take Theorem 1.3 in a different direction, where the primary focus is on
torsion in π∗(X). Let J be a nonempty subset (J can be infinite) of the primes.
Following standard practice, we say that an abelian group A is a J-torsion group
if each nonzero element a ∈ A has finite order na, such that if p is a prime that
divides na, then p ∈ J . The order of a profinite group G, #G, is the supernatural
number defined as the least common multiple of the set {|G/N ′| | N ′ ∈ {N}} (see,
for example, [19, Section 2.3]). Given G, we write the map “Φ” as “ΦG” when we
need to emphasize the role of G as the “ambient group” for the construction of Φ.
Corollary 1.8. Let J be any nonempty subset of the primes and let G be a profinite
group, such that if p ∈ J , then p does not divide #G. Also, let X be a discrete
G-spectrum with trivial action, such that for each t ∈ Z, πt(X) is isomorphic as
an abelian group to the direct sum of a torsion-free divisible abelian group and a
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J-torsion group. Then for any closed subgroup H of G, the map ΦH is a weak
equivalence and there are equivalences
colim
NH
XhH/NH ≃ XhH
≃
←− X
≃
−→ XhN
′
H ≃ XhH/N
′
H ,
where the colimit is indexed over the collection {NH} of all open normal subgroups
of H and N ′H is any particular open normal subgroup of H.
Proof. Choose any NH , s ≥ 1, and t ∈ Z. There are discrete G-modules with trivial
G-action, D and T , torsion-free divisible and J-torsion, respectively, such that
Hsc (NH , πt(X))
∼= Hsc (NH , D ⊕ T )
∼= Hsc (NH , D)⊕H
s
c (NH , T )
∼= Hsc (NH , T ).
For p ∈ J , since p ∤ #G = [G : NH ](#NH), p ∤ #NH . By [22, Lemma 10.2.1], the
map Hsc (NH , T )
res
−−→ Hsc (1, T ) = 0 is injective, giving H
s
c (NH , πt(X)) = 0. Thus,
Theorem 1.3 applies with “G” and “{U}” equal to H and {NH}, respectively. 
Example 1.9. Recall from Section 1.1 that if p is a prime and n ≥ 0, we letK(n, p)
denote the nth Morava K-theory spectrum (usually written as K(n)): K(0, p) =
HQ and for n ≥ 1, π∗(K(n, p)) = Fp[vn, v
−1
n ], where Fp is the field with p elements
and the degree of vn is 2(p
n− 1). Now let there be the following sets: P , the set of
all primes; J , a nonempty proper subset of P ; L, a nonempty subset of P − J ; and
P ′, a subset of P that can be empty. We define J ′ := P ′ ·∪J as the disjoint union
of P ′ and J : if p ∈ P ′ ∩ J , then p appears twice, as distinct elements, in J ′. Let
G =
∏
ℓ∈L Zℓ,
where Zℓ is the ℓ-adic integers. Since #G =
∏
ℓ∈L ℓ
∞, if p ∈ J , then p does not
divide #G. For each p ∈ J ′, if p ∈ P ′, let np = 0, and if p ∈ J , let np be a positive
integer (if p ∈ P ′ ∩ J , then np for p ∈ P
′ and np for p ∈ J are distinct elements in
{nq | q ∈ J
′}). Let
X =
∨
p∈J′ K(np, p)
be a discrete G-spectrum with trivial action. For each integer t, there is the iso-
morphism πt(X) ∼= Dt ⊕ Tt, where
Dt =
⊕
p∈P ′
πt(K(0, p)) =
{⊕
p∈P ′ Q, if t = 0;
{e}, if t 6= 0
and Tt =
⊕
p∈J
πt(K(np, p))
are torsion-free divisible and J-torsion, respectively (if P ′ = ∅, then Dt = {e}).
Then J , G, and X satisfy the hypotheses of Corollary 1.8, so that, for example,
there are weak equivalences(∨
p∈J′ K(np, p)
)h(∏ℓ∈L Zℓ) ≃←− ∨p∈J′ K(np, p) ≃−→ (∨p∈J′ K(np, p))hH ,
where H is any closed subgroup of G, and, as the special case for when p and ℓ are
distinct primes and n is any positive integer, by setting J = J ′ = {p}, L = {ℓ},
and np = n, we find that there is a weak equivalence
K(n)
≃
−→ K(n)hZℓ .
In the above applications of Theorem 1.3, we always let “{U}” in the hypotheses
of the theorem be equal to the entire collection {N} of open normal subgroups of
“G” (for example, in the proof of Corollary 1.8, “G” and “{U}” equal H and {NH},
respectively). Below, we give an example where “{U}” must be a proper subset of
{N}. To give this example, we need the following notation and recollection.
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Given a spectrum Z, let the morphism Z
≃
−→ Zf be a functorial fibrant replace-
ment in SpΣ: this map is a trivial cofibration and Zf is fibrant, in Sp
Σ. If W is a
simplicial set, then we let F (W+, Z) denote the power spectrum Z
W+ of [13, Sec-
tion 1.3], where W+ is W with a disjoint basepoint added. By [13, pages 163-165],
F (W+, Z) is the function spectrum HomS(F0(W+), Z), which is often written as
F (Σ∞W+, Z). Then if K is a finite group and Z is regarded as a K-spectrum with
trivial K-action, we recall (for example, see [8, 10.2]) that there is an equivalence
ZhK ≃ F (BK+, Zf ),
where the simplicial set BK is the classifying space of K.
Example 1.10. Let p and ℓ be distinct primes, with n, r ≥ 1, and set
G = Zℓ × (Z/(p
rZ))
and X = K(n), regarded as a discrete G-spectrum with trivial action. Also, for
each m ≥ 0, let ℓmZℓ denote the open normal subgroup (ℓ
mZℓ)× {e} of G and set
{U} = {ℓmZℓ | m ≥ 0}.
Again, let m ≥ 0: since π∗(K(n)) is degreewise {p}-torsion, ℓ
mZℓ ∼= Zℓ, and p does
not divide #(ℓmZℓ) = ℓ
∞, [22, Lemma 10.2.1] gives that
Hsc (ℓ
mZℓ, π∗(K(n))) = 0, for all s > 0.
Thus, G, X , and {U} satisfy the hypotheses of Theorem 1.3, so that, for example,
K(n)hG ≃ K(n)h((Zℓ×(Z/(p
r
Z)))/((ℓ0Zℓ)×{e})),
which yields the equivalence
K(n)h(Zℓ×(Z/(p
r
Z))) ≃ K(n)h(Z/(p
r
Z)).
Furthermore, since
π−∗(K(n)
h(Z/(prZ))) ∼= π−∗(F (B(Z/(p
rZ))+,K(n)f )) ∼= K(n)
∗(B(Z/(prZ)))
∼= K(n)∗[x]/(xp
nr
),
where K(n)∗ = π−∗(K(n)) and x ∈ K(n)
2(CP∞), is a free K(n)∗-module of rank
pnr > 1 (when p is odd, see [18, Theorem 5.7; page 745]; for p = 2, see [17] and [14,
Theorem 1.2]; for all primes p, the succinct presentation of this computation in [12,
Proposition 2.3] is helpful), π∗(K(n)
h(Z/(prZ))) and π∗(K(n)) are not isomorphic
as graded abelian groups, and hence, there is no equivalence between K(n)hG and
K(n). Thus, if the hypotheses of Theorem 1.3 hold for G, X , and some {U}, where
here, {U} need not be the collection {ℓmZℓ | m ≥ 0} used above, G does not belong
to {U}.
1.3. Two consequences of (1.1), our motivation for studying Φ, and some
technical comments. Now let G be any profinite group, let X be any object in
ΣSpG that has trivial G-action, and suppose that Φ is a weak equivalence. Then
an interesting consequence of the equivalence XhG ≃ colimN X
hG/N from (1.1) is
that it implies that the Spanier-Whitehead dual of XhG, D(XhG), satisfies
D(XhG) = F (XhG, S0) ≃ holim
N
F (XhG/N , S0),
where here, S0 is a fixed cofibrant and fibrant model for the sphere spectrum.
LIFTING GROUP COHOMOLOGY TO SPECTRA FOR TRIVIAL PROFINITE ACTIONS 7
We continue to make the assumptions of the previous paragraph, to point out
another form of the equivalence in (1.1). Let the morphism
η : X
≃
−→ Xf
be a functorial fibrant replacement in SpΣ. Since when K is a finite group and X is
also a K-spectrum with trivial action, there is an equivalence XhK ≃ F (BK+, Xf ),
the equivalence in (1.1) implies that
(1.11) XhG ≃ colim
N
F (B(G/N)+, Xf ),
giving an explicit presentation of XhG in terms of fundamental building blocks.
Now we describe part of our motivation for studying Φ. Let n ≥ 1, let p be any
prime, set Sn equal to the nth Morava stabilizer group, and let
Sn = Γ0  Γ1  · · ·  Γm  Γm+1  · · ·
be a cofinal collection of open normal subgroups of Sn. In the talk “Equivariant
dual of Morava E-theory” about joint work with Agne`s Beaudry, Paul Goerss,
and Vesna Stojanoska (this talk was July 18, 2017, at the University of Illinois
at Urbana-Champaign; a video of this talk is available online at YouTube), Mike
Hopkins considered “(LK(n)S
0)hΓm ,” the homotopy fixed points of the K(n)-local
sphere LK(n)S
0 with respect to the trivial action of Γm, and Hopkins wrote this
object as “D(BΓm+),” which, when this notation is taken literally in the context
of the talk, is equal to F (Σ∞BΓm+, LK(n)S
0), the K(n)-local Spanier-Whitehead
dual of Σ∞BΓm+ (we are not saying that this definition of D(BΓm+) is what was
meant by Hopkins). (For part of what is discussed in this paragraph and the next
one, a slightly different presentation from the one given by Hopkins in his talk is
in [1, pages 54-55].)
Let Gn be the extended Morava stabilizer group and let En be the Lubin-Tate
spectrum (see [6]). In his talk, Hopkins explained how the D(BΓm+)’s play a
role in better understanding the Gn-action on F (En, LK(n)S
0) that comes from
the Gn-action on En (see [21, Proposition 16]). It is the author’s understanding
that the construction “(LK(n)S
0)hΓm” is not formed by regarding LK(n)S
0 as a
discrete Γm-spectrum with trivial action and then applying ((−)fΓm)
Γm to it, and
so further consideration of this construction is outside the scope of this paper. But
the notation D(BΓm+) and the way classifying spaces related to G appear in (1.11)
was one of the main motivations of the author to study the map Φ.
Above and elsewhere in this paper, by “holim,” we mean the homotopy limit
given by [11, Definition 18.1.8].
This paragraph can be ignored by the reader who only wants the main ideas
of this paper. As explained in Definition 2.1 and Remark 2.3 regarding “the map
Φ,” there is a map Φ = Φ{U} for every cofinal subcollection {U} of {N}, and as
explained in Remark 2.3, all of these maps are “the same one map, up to isomor-
phism” in a precise sense and if any one of them is a weak equivalence, then all
of them are weak equivalences. We have chosen this terminology and notation to
make the Introduction easier to read and for flexibility with proofs (including proofs
of future results).
Throughout this Introduction and everywhere else in this paper, if Z is any
spectrum, then by πt(Z), where t ∈ Z, we mean the homotopy groups [S
t, Z]
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of morphisms in the homotopy category of SpΣ, where here, St denotes a fixed
cofibrant and fibrant model for the t-th suspension of the sphere spectrum.
Acknowledgements. I thank Thomas Credeur and Philip Hackney for helpful
conversations.
2. The construction of Φ, with target equivalent to XhG
Let G be any profinite group, let X be a discrete G-spectrum with trivial G-
action, and let the map η : X
≃
−→ Xf be a functorial fibrant replacement in Sp
Σ.
Thus, by functoriality, the map η is G-equivariant and the G-action on Xf is trivial.
We regard Xf as a discrete G-spectrum, and it follows that the map η is a trivial
cofibration in ΣSpG. The commutative diagram
X
θG
≃
//
≃η

XfG

Xf // ∗
of discrete G-spectra yields a weak equivalence
λ : Xf
≃
−→ XfG
of discrete G-spectra.
Let {U} be a collection of open normal subgroups of G that is cofinal in the
collection {N} of all open normal subgroups of G. Since the G-action on Xf is
trivial, for each U there is the G/U -equivariant map
λU : Xf = (Xf )
U → (XfG)
U ,
where here, Xf is regarded as a G/U -spectrum with the trivial action.
To go further, we need to recall several constructions. Following [2, Section 2.4],
given a finite set K and a spectrum Z, we let Map(K,Z) be the spectrum such
that for each m,n ≥ 0, its mth pointed simplicial set Map(K,Z)m has n-simplices
equal to Map(K, (Zm)n), which is the set of functions from K to (Zm)n, the set of
n-simplices of Zm. It is helpful to note that there is an isomorphism
Map(K,Z) ∼=
∏
K
Z.
Also, as in [2, Section 3.2], whenK is a finite group, we let Map(K,−) be the coaug-
mented comonad on the category of spectra (this comonad is written as Mapc(K,−)
in the more general discussion in [2]; we omit the superscript “c” (which is for “con-
tinuous”) because here, K is finite (and naturally has the discrete topology)) that
has the following properties, given a K-spectrum Y :
• there is a cosimplicial spectrum
Map(K•, Y ) : ∆→ SpΣ, [n] 7→ Map(K•, Y )([n])
(denoted by Γ•KY in [2, Section 3.2]);
• for each n ≥ 0, there are natural isomorphisms of spectra
Map(K•, Y )([n]) ∼= Map(Kn, Y ) ∼=
∏
Kn
Y,
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where Kn is the n-fold cartesian product of K (K0 is the trivial group 1),
by [2, Section 4.6];
• by [2, Theorem 3.2.1], if Y is fibrant as a spectrum, then there is a natural
equivalence
Y hK ≃ holim
∆
Map(K•, Y );
• (here, Y need not be fibrant) there is an isomorphism
lim
∆
Map(K•, Y ) ∼= equa
[
Y
//
// Map(K,Y )
]
= Y K ,
where the middle expression above is the equalizer of the “first two” co-
face maps (which can be denoted as d0 and d1) of Map(K•, Y ) (the above
equality between the equalizer and Y K is the homotopical avatar of the fact
that for each t ∈ Z, the kernel of the group homomorphism πt(d
0)− πt(d
1)
is (πt(Y ))
K = H0(K,πt(Y )) (for example, see [2, Theorem 3.2.1; proof of
Proposition 3.5.3])).
Now we put the threads represented by the two preceding paragraphs together.
For each U , the G/U -equivariant map λU : Xf → (XfG)
U induces a map
holim
∆
Map((G/U)•, Xf )→ holim
∆
Map((G/U)•, (XfG)
U )
of spectra, which is natural as U varies, and hence, we have the following.
Definition 2.1. If G is any profinite group, X a discrete G-spectrum with trivial
G-action, and {U} any collection of open normal subgroups of G that is cofinal in
{N}, then there is the map
Φ: colim
U
holim
∆
Map((G/U)•, Xf )→ colim
U
holim
∆
Map((G/U)•, (XfG)
U ).
The map Φ is the map Φ described in Section 1.1.
Theorem 2.2. In Definition 2.1, if G is finite, then Φ is a weak equivalence.
Proof. Let G be finite: G has the discrete topology and 1 is an open normal sub-
group of G. Since {U} is cofinal in {N}, 1 ∈ {U}, and thus, the indexing category
{U} has 1 as the terminal object. It follows that, for example, the source of Φ
satisfies the isomorphism
colim
U
holim
∆
Map((G/U)•, Xf ) ∼= holim
∆
Map((G/1)•, Xf),
so that Φ is a weak equivalence if the map
holim
∆
Map(G•, λ) : holim
∆
Map(G•, Xf )→ holim
∆
Map(G•, XfG)
is a weak equivalence. Since λ is a weak equivalence in ΣSpG, it is a weak equiva-
lence in SpΣ. Then for each n ≥ 0, there is the commutative diagram
Map(G•, Xf )([n]) //
∼=

Map(G•, XfG)([n])
∼=
∏
Gn Xf
≃
//
∏
Gn XfG ,
in which the bottom horizontal map is a weak equivalence (in SpΣ, as, for example,
in [2, proof of Lemma 2.4.1]). Additionally, the source and target of the bottom
horizontal map are fibrant spectra (XfG is fibrant as a spectrum, by [2, Corollary
5.3.3]), so that the top horizontal map is a weak equivalence between fibrant spectra,
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and hence, the map holim∆Map(G
•, λ) is a weak equivalence, by [11, Theorem
18.5.3]. 
Now we explain the identifications (alluded to in Section 1.1) that allow us to
regard the map Φ in Definition 2.1 as a map
colim
N
XhG/N → colim
N
(XhN )hG/N .
Since the collection {U} is cofinal in {N}, there is an isomorphism
colim
U
holim
∆
Map((G/U)•, Xf ) ∼= colim
N
holim
∆
Map((G/N)•, Xf ).
For each N , X = XN and Xf = (Xf )
N are G/N -spectra and the weak equivalence
η : X
≃
−→ Xf is G/N -equivariant, and hence, there is a weak equivalence
XhG/N
≃
−→ (Xf )
hG/N .
The above isomorphism and this last weak equivalence, together with the equiva-
lence
holim
∆
Map((G/N)•, Xf ) ≃ (Xf )
hG/N ,
imply that the source of Φ can be identified with colimN X
hG/N , as desired.
For each open normal subgroup N of G, (XfG)
N is a fibrant spectrum (see [2,
proof of Corollary 5.3.3]), so that the isomorphism
colim
U
holim
∆
Map((G/U)•, (XfG)
U ) ∼= colim
N
holim
∆
Map((G/N)•, (XfG)
N )
implies that the target of Φ can be regarded as colimN ((XfG)
N )hG/N . Now let N
be fixed. Since the fibrant replacement θG : X
≃
−→ XfG is a trivial cofibration of
discrete N -spectra, it follows from the commutative diagram
X
θN
≃
//
≃θG

XfN

XfG // ∗
of discrete N -spectra that there is a weak equivalence
λN : XfG
≃
−→ XfN
of discrete N -spectra. Furthermore, since XfG is fibrant as a discrete N -spectrum
(by [2, Proposition 3.3.1, (2)]) and
(−)N : ΣSpN → Sp
Σ
is a right Quillen functor [2, Lemma 3.1.1], the induced map
(λN)
N : (XfG)
N ≃−→ (XfN )
N = XhN
is a weak equivalence (this conclusion is not original: for example, see [2, proof of
Proposition 3.3.1, (3)]). It follows that (XfG)
N can be identified with XhN , and
thus, the target of Φ can be identified with colimN (X
hN)hG/N . This completes the
construction of the map Φ, as described in Section 1.1.
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Remark 2.3. The definition of Φ depends on the cofinal collection {U}, and so,
when necessary, we can refer to Φ as Φ{U}. If {V } is any other collection of
open normal subgroups of G that is cofinal in {N}, then there is the commutative
diagram
colimU holim∆Map((G/U)
•, Xf )
Φ{U}
//
∼=

colimU holim∆Map((G/U)
•, (XfG)
U )
∼=

colimV holim∆Map((G/V )
•, Xf )
Φ{V }
// colimV holim∆Map((G/V )
•, (XfG)
V ),
in which the sources of Φ{U} and Φ{V } are isomorphic, and similarly their targets, so
that in the sense made precise by this diagram, Φ{U} is “unique up to isomorphism.”
For this reason, we do not refrain (in Section 1, this section, and elsewhere) from
using language that might make it seem like Φ is unique or independent of the
choice of {U}. Of course, the above diagram shows that Φ{U} is a weak equivalence
if and only if Φ{V } is a weak equivalence.
Now we construct the weak equivalence
Ψ: XhG
≃
−→ colim
N
(XhN)hG/N .
For each U , there is the canonical map
ιU : lim
∆
Map((G/U)•, (XfG)
U )→ holim
∆
Map((G/U)•, (XfG)
U )
between the limit and homotopy limit, and the source of this map satisfies the
isomorphism
lim
∆
Map((G/U)•, (XfG)
U ) ∼= ((XfG)
U )G/U = (XfG)
G = XhG,
which yields the map
ι̂U : X
hG ∼=−→ lim
∆
Map((G/U)•, (XfG)
U )
ιU−−→ holim
∆
Map((G/U)•, (XfG)
U ).
Then we define
Ψ := colim
U
ι̂U : X
hG = colim
U
XhG −→ colim
U
holim
∆
Map((G/U)•, (XfG)
U ),
where, before any identifications are made, the target of Ψ is exactly equal to the
target of Φ (that is, Φ{U}), so that as in the above discussion about the target of
Φ, the target of Ψ can be written as colimN (X
hN )hG/N .
Remark 2.4. All the comments in Remark 2.3 go through for Ψ, mutatis mutandis.
Also, in the context of Ψ, the last sentence of Remark 2.3 can be strengthened to
say that every morphism Ψ{U} is a weak equivalence (as we show below).
To show that Ψ, a filtered colimit, is a weak equivalence, it suffices to show that
each ι̂U is a weak equivalence between fibrant spectra. Since (−)
G : ΣSpG → Sp
Σ
is a right Quillen functor, XhG is a fibrant spectrum. Also, for each n ≥ 0, the
isomorphism
Map((G/U)n, (XfG)
U ) ∼=
∏
(G/U)n
(XfG)
U
implies that the spectrum of n-cosimplices of Map((G/U)•, (XfG)
U ) is fibrant (since
(XfG)
U is fibrant), and hence, holim∆Map((G/U)
•, (XfG)
U ) is fibrant, by [11,
Theorem 18.5.2]. Now we only need to show that each ιU is a weak equivalence.
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For each U , there is the equivalence
holim
∆
Map((G/U)•, (XfG)
U ) ≃ ((XfG)
U )hG/U ,
and since (XfG)
U is a fibrant discrete G/U -spectrum [2, Proposition 3.3.1, (1)], the
functorial fibrant replacement θG/U : (XfG)
U ≃−→ ((XfG)
U )fG/U in ΣSpG/U induces
the weak equivalence
(θG/U)
G/U : XhG = ((XfG)
U )G/U
≃
−→ (((XfG)
U )fG/U )
G/U = ((XfG)
U )hG/U
(this argument is a special case of [2, Proposition 3.5.1]). These observations yield
the equivalence
holim
∆
Map((G/U)•, (XfG)
U ) ≃ XhG,
which naturally fits into the “bigger picture”
XhG
∼=
−→ lim
∆
Map((G/U)•, (XfG)
U )
ιU−−→ holim
∆
Map((G/U)•, (XfG)
U ) ≃ XhG.
It follows from this picture that the canonical map ιU is a weak equivalence, as
desired. This completes our proof that Ψ is a weak equivalence.
3. The proof of Theorem 1.3
As before, G is a profinite group and X is a discrete G-spectrum with trivial
G-action. Additionally, we suppose that {U} is a cofinal subcollection of {N}, such
that for each U and every integer t, Hsc (U, πt(X)) = 0, whenever s > 0. To prove
part (a) of Theorem 1.3, we want to obtain that Φ = Φ{V } is a weak equivalence,
where {V } is any cofinal subcollection of {N}. Thus, to prove Theorem 1.3, we
only need to prove that (i) Φ{U} is a weak equivalence (see Remark 2.3), and, for
each U , there is (ii) an equivalence XhG/U ≃ XhG and (iii) a weak equivalence
X
≃
−→ XhU . To this end, recall from Definition 2.1 that
Φ{U} = colim
U
holim
∆
Map((G/U)•, λU ),
where each map
hU := holim
∆
Map((G/U)•, λU )
is the “lengthy centerpiece” in the “picture”
XhG/U ≃ holim
∆
Map((G/U)•, Xf)
hU−−→ holim
∆
Map((G/U)•, (XfG)
U ) ≃ XhG
(the two equivalences on the ends are explained in Section 2). Also, in Section 2
we saw that the target of hU is a fibrant spectrum, and similarly, so is the source
of this map. Therefore, to show (i) and (ii), we only need to verify that for each
U , the map hU is a weak equivalence. The proof of (iii) will be a byproduct of our
argument for (i) and (ii).
It will be helpful to recall that if K is a finite group and Y is a K-spectrum
that is also fibrant as a spectrum, then associated to the equivalence Y hK ≃
holim∆Map(K
•, Y ) is the conditionally convergent homotopy spectral sequence
Es,t2 =⇒ πt−s(holim
∆
Map(K•, Y )) ∼= πt−s(Y
hK),
where
Es,t2 = H
s
[
πt(Map(K
∗, Y ))
]
∼= Hs(K,πt(Y )),
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with πt(Map(K
∗, Y )) denoting the usual cochain complex associated to the cosim-
plicial abelian group πt(Map(K
•, Y )) (by, for example, [2, proof of Proposition
3.5.3]; this homotopy spectral sequence gives one way of obtaining the homotopy
fixed point spectral sequence for Y hK).
Now fix any U ′ ∈ {U}. The map λU
′
: Xf → (XfG)
U ′ induces the morphism
Map((G/U ′)•, Xf )→ Map((G/U
′)•, (XfG)
U ′)
of cosimplicial spectra, which gives the morphism
Hs(G/U ′, πt(X))

+3 πt−s(holim∆Map((G/U
′)•, Xf ))
πt−s(hU′)

Hs(G/U ′, πt((XfG)
U ′)) +3 πt−s(holim∆Map((G/U
′)•, (XfG)
U ′ ))
of conditionally convergent homotopy spectral sequences. To show that hU′ is a
weak equivalence, it suffices to show that for each t ∈ Z, the G/U ′-equivariant
composition
πt(X)
∼=
−→ πt(Xf )
πt(λ
U′)
−−−−−→ πt((XfG)
U ′ )
is an isomorphism, for this implies that the map between the E2-terms of the above
two spectral sequences is an isomorphism, which then gives that the map between
the two abutments is an isomorphism, yielding the desired conclusion.
For every U , U ∩ U ′ is an open normal subgroup of G, so that by the cofinality
of {U} in {N}, we can choose one U ′′ ∈ {U} such that U ∩ U ′ contains U ′′. Then
the collection {U} induces a collection {U ′′}, which is cofinal in the collection of
all open normal subgroups of U ′ (each U ′′ = U ′′ ∩ U ′ is open in U ′; since {U} is a
directed poset and {U ′′} is a subset of {U}, it follows easily that {U ′′} is a directed
poset; if V is an open normal subgroup of U ′, then V is an open subgroup of G,
and hence, V contains a subgroup V ′ that is open and normal in G, so that by the
cofinality of {U} in {N}, V ′ contains some W ∈ {U}: by definition, there is some
W ′′ ∈ {U ′′} such that W ∩ U ′ contains W ′′, so that W ′′ ⊂ V ′ ∩ U ′ ⊂ V ∩ U ′ = V ,
givingW ′′ ⊂ V , as desired). Since {U ′′} is a subset of {U}, Hsc (U
′′, πt(X)) = 0, for
all s > 0, every U ′′, and each integer t, and therefore, the conditionally convergent
homotopy fixed point spectral sequence
(3.1) Hsc (U
′, πt(X)) =⇒ πt−s(X
hU ′)
exists (see [5, page 911: condition (ii), (1.2)], [2, proof of Theorem 3.2.1], and
[4, proof of Theorem 7.4]). By hypothesis, this spectral sequence collapses at the
E2-page, so that for every integer t,
(3.2) πt(X
hU ′) ∼= H0c (U
′, πt(X)) ∼= (πt(X))
U ′ = πt(X).
To complete the proof of Theorem 1.3, we need a recollection from [2] so that
we can partly unpack spectral sequence (3.1). Let H be any profinite group. As in
[2, Section 2.4], given a spectrum Z, the spectrum Mapc(H,Z) of continuous maps
is defined by
Mapc(H,Z) = colim
NH
Map(H/NH , Z),
where the colimit is over all the open normal subgroups NH of H . Also, by [2,
Section 3.2], if Y is a discrete H-spectrum, then there is a cosimplicial spectrum
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Mapc(H•, Y ) – written as Γ•HY in [2] – with the property that for each [n] ∈ ∆,
there is a natural isomorphism
Mapc(H•, Y )([n]) ∼= Mapc(Hn, Y ),
by [2, Section 4.6], and as in Section 2,
lim
∆
Mapc(H•, Y ) ∼= equa
[
Y
//
// Mapc(H,Y )
]
= Y H .
Then spectral sequence (3.1) is just the homotopy spectral sequence associated to
the left-hand side in the equivalence
holim
∆
Mapc((U ′)•, XfG) ≃ X
hU ′ ,
which follows from the properties of the collection {U ′′} (see the citations that were
given above for this), and the isomorphism πt(X
hU ′) ∼= πt(X) of (3.2) comes from
the above equivalence and an isomorphism
(3.3) πt(holim
∆
Mapc((U ′)•, XfG))
∼=
←− πt(X),
valid for all integers t (given by the collapsing of spectral sequence (3.1), as before),
that is induced by the composition
X
η
−→
≃
Xf
λU
′
−−→ (XfG)
U ′ ∼=−→ lim
∆
Mapc((U ′)•, XfG)
ι(U ′)
−−−→ holim
∆
Mapc((U ′)•, XfG),
where ι(U ′) is the canonical map between the limit and homotopy limit. The
isomorphism in (3.3) implies that this composition is a weak equivalence, and since
there are equivalences
(XfG)
U ′ (λU′ )
U′
−−−−−→
≃
XhU
′
≃ holim
∆
Mapc((U ′)•, XfG)
(see Section 2 for weak equivalence (λU′)
U ′), it follows that ι(U ′) is a weak equiv-
alence, and hence, λU
′
is a weak equivalence. Therefore, the map πt(λ
U ′ ) is an
isomorphism for every t ∈ Z, completing the proof that hU′ is a weak equivalence.
Finally, since λU
′
is a weak equivalence, the composition
X
η
−→
≃
Xf
λU
′
−−→
≃
(XfG)
U ′ (λU′ )
U′
−−−−−→
≃
XhU
′
defines the desired weak equivalence X
≃
−→ XhU
′
, which completes the proof of
Theorem 1.3.
4. Discrete G-spectra with trivial action that are bounded above
In this section, we use the notation of Section 2. Thus, G is an arbitrary profinite
group, {U} is any fixed cofinal subcollection of {N}, and, as usual, Φ denotes Φ{U}.
After the preliminary result below, which does not require X to be bounded above,
we give a proof of Theorem 1.2.
In the following result, the construction Mapc(G•, Y ) for a discrete G-spectrum
Y – recalled in Section 3 – is from [2, Section 3.2].
Theorem 4.1. If G is any profinite group, X is a discrete G-spectrum whose G-
action is trivial, and {U} is a collection of open normal subgroups that is cofinal in
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the collection {N} of all open normal subgroups of G, then there is the commutative
diagram
colimU holim∆Map((G/U)
•, Xf)
Φ
//
s1

colimU holim∆Map((G/U)
•, (XfG)
U )
s2

holim∆ colimU Map((G/U)
•, Xf)
≃
//
∼=

holim∆ colimU Map((G/U)
•, (XfG)
U )
∼=

holim∆Map
c(G•, Xf )
≃
// holim∆Map
c(G•, XfG),
where s1 and s2 are the canonical colim/holim interchanges, the lower two vertical
maps are isomorphisms induced by the colimits, and the middle and bottom horizon-
tal maps are weak equivalences induced by the collection {λU : Xf → (XfG)
U}{U}
and λ : Xf
≃
−→ XfG, respectively.
Proof. To save space, we sometimes write M for “Map.” Since the collection {U}
is cofinal in {N}, for each [n] ∈ ∆, there are isomorphisms
colim
U
(Map((G/U)•, Xf )([n]))
∼=
−→ colim
U
M((G/U)n, Xf )
∼=
−→ colim
N
M((G/N)n, Xf )
and
colim
N
M((G/N)n, Xf )
∼=
−→ Mapc(Gn, Xf )
∼=
−→ Mapc(G•, Xf )([n])
(for the next-to-last isomorphism, see, for example, [19, proof of Lemma 6.5.4, (b)]),
whose composition is the isomorphism
colim
U
(Map((G/U)•, Xf )([n]))
∼=
−→ Mapc(G•, Xf)([n]),
and thus, the lower left vertical map is an isomorphism (as in [2, proof of Theorem
8.2.5: page 5038]). Similarly, for each [n], there are isomorphisms
colim
U
Map((G/U)n, (XfG)
U )
∼=
−→ Mapc(Gn, colim
N
(XfG)
N )
∼=
−→ Mapc(Gn, XfG),
where the second one follows from the isomorphism colimN (XfG)
N
∼=
−→ XfG in
ΣSpG, which exists because XfG is a discrete G-spectrum, so that the lower right
vertical map is also an isomorphism.
It will be helpful to note that if Z is a fibrant spectrum and n ≥ 1, then the
isomorphism
Mapc(Gn, Z) ∼= colim
V
∏
Gn/V
Z,
where the colimit is over all the open normal subgroups V of Gn, implies that
Mapc(Gn, Z) is a fibrant spectrum. Now the argument follows, with a few changes,
the proof of Theorem 2.2. By [2, Lemma 2.4.1], the maps
Mapc(Gn, Xf )→ Map
c(Gn, XfG), n ≥ 0,
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are weak equivalences between fibrant spectra: this fact, coupled with the commu-
tative diagrams
Mapc(G•, Xf )([n])
∼=

// Mapc(G•, XfG)([n])
∼=

Mapc(Gn, Xf )
≃
// Mapc(Gn, XfG)
for each n ≥ 0, implies that the upper horizontal map in each of these diagrams is a
weak equivalence between fibrant spectra, and hence, the map holim∆Map
c(G•, λ)
(the bottom horizontal map in the statement of Theorem 4.1) is a weak equivalence.
Therefore, the map holim∆ colimU Map((G/U)
•, λU ) (the middle horizontal map in
the statement of Theorem 4.1) is a weak equivalence. 
Now we give the proof of Theorem 1.2: as above, we let X be a discrete G-
spectrum with trivial G-action; additionally, we assume that X is bounded above,
so that there exists some t0 ∈ Z such that πt(X) = 0, whenever t > t0; and we note
that we only need to prove that Φ is a weak equivalence. The argument begins by
considering the commutative diagram in Theorem 4.1 further. To show that Φ is
a weak equivalence, it suffices to show that s1 and s2 are weak equivalences. We
first show that
s1 : colim
U
holim
∆
Map((G/U)•, Xf )→ holim
∆
colim
U
Map((G/U)•, Xf )
is a weak equivalence. For every U , all n ≥ 0, and each integer t > t0, there are
isomorphisms
πt(Map((G/U)
•, Xf )([n])) ∼= πt(Map((G/U)
n, Xf )) ∼=
∏
(G/U)n
πt(X) = 0,
and thus, [16, Proposition 3.4] implies that s1 is a weak equivalence.
Now we consider s2, by placing it within the commutative diagram
colim
U
lim
∆
Map((G/U)•, (XfG)
U )
s4

s3
// colim
U
holim
∆
Map((G/U)•, (XfG)
U )
s2

lim
∆
colim
U
Map((G/U)•, (XfG)
U )
s5
// holim
∆
colim
U
Map((G/U)•, (XfG)
U ),
where s3 := colimU ιU is immediately seen to be a weak equivalence (see the defini-
tion of weak equivalence Ψ in Section 2), s4 is the canonical map that interchanges
the colimit and limit, and s5 is the map from a limit to a homotopy limit. Since s4
can be viewed as interchanging a filtered colimit and an equalizer, which is a finite
limit, s4 is an isomorphism.
To complete the proof that s2 is a weak equivalence, we only need to show that
s5 is a weak equivalence. The map s5 and the lower right vertical isomorphism in
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the diagram in Theorem 4.1 fit into the commutative diagram
lim
∆
colim
U
Map((G/U)•, (XfG)
U )
∼=

s5
// holim
∆
colim
U
Map((G/U)•, (XfG)
U )
∼=

lim
∆
Mapc(G•, XfG)
s6
// holim
∆
Mapc(G•, XfG),
in which the left vertical map is an isomorphism for the same reason that the right
vertical map is one, and thus, we only need to show that the bottom horizontal map
s6 is a weak equivalence, which is a consequence of the following two observations:
since X is bounded above, there is an equivalence
XhG ≃ holim
∆
Mapc(G•, XfG),
by [5, page 911, especially condition (iii)] and [2, proof of Theorem 3.2.1]; and as
in Sections 2 and 3,
lim
∆
Mapc(G•, XfG) ∼= equa
[
XfG
//
// Mapc(G,XfG)
]
= (XfG)
G = XhG.
This completes the proof of Theorem 1.2.
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